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NON-ABELIAN CONVEXITY OF BASED LOOP GROUPS 


TYLER HOLDEN 


Abstract. If A is a compact, connected, simply connected Lie group, its based loop group 
HA is endowed with a Hamiltonian xT action, where T is a maximal torus of A. Atiyah 
and Pressley [AP83] examined the image of HA under the moment map fj,, while Jeffrey 
and Mare [JMIO] examined the corresponding image of the real locus HA"^ for a compatible 
anti-symplectic involution r. Both papers generalize well known results in finite dimensions, 
specifically the Atiyah-Guillemin-Sternberg theorem, and Duistermaat’s convexity theorem. 
In the spirit of Kirwan’s convexity theorem [Kir84] , this paper aims to further generalize the 
two aforementioned results by demonstrating convexity of HA and its real locus HA"^ in the 
full non-abelian regime, resulting from the Hamiltonian x K action. In particular, this is 
done by appealing to the Bruhat decomposition of the algebraic (affine) Grassmannian, and 
appealing to the “highest weight polytope” results for Borel-invariant varieties of Guillemin 
and Sjamaar [GS06] and Goldberg [Gol09]. 


1. Introduction 

Let A be a compact group with Lie algebra 6, and consider the collection of Sobolev class 
based loops on K: 

flA = {7 G H\S\K) : 7 (esi) = e^} . 

This set has the structure of a Hilbert manifold and inherits a group structure via pointwise 
multiplication of loops. Elaborated upon in Section 2, UK can be endowed with a Kahler 
structure and a canonical Hamiltonian x K action with corresponding moment map 

/i : HA R©r. 

Generalizing upon the hnite dimensional results of the Atiyah-Guillemin-Sternberg The¬ 
orem [Ati82; GS84], Atiyah and Pressley [AP83] showed that by restricting the x K 
action to that of a maximal torus x T, the image fi{QK) is an unbounded convex region, 
generated as the convex hull of inhnitely many discrete points. Generalizing the work of 
Duistermaat [Dui83], Jeffrey and Mare [JMIO] showed that if HA is additionally endowed 
with an anti-symplectic involution r : HA —)■ HA, then the image of HA under the moment 
map coincides with that of its real locus HA’’. The purpose of this paper is two-fold: The 
hrst is to describe the image of HA for the non-abelian moment map, while the second is 
to give a non-abelian version of Duistermaat convexity. In particular, if H^igA C HA is the 
subgroup of algebraic maps, and A (HA) = /i(HA) fl then our two main theorems are as 
follows: 

Theorem 3.2. The set A{QaigK) is convex. 

Theorem 4.9. IfQaigK'^ o,re the r-fixed points offlaigK, then A{VtaigK'^) = A{flaigK). 
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In both cases, the corresponding result for VtK is an immediate corollary. Moreover, 
Theorem 4.9 will answer in the affirmative an open question speculated upon in [JMIO]. 

Our approach mirrors the one utilized in [AP83], wherein the authors examined the con¬ 
vexity properties of a distinguished dense subset VtgXgK C VtK. The set has the 

fortuitous advantage of admitting a cellular decomposition, for which the closure of each cell 
is a (possibly singular) hnite dimensional projective variety. By embedding this variety into 
a Kahler manifold, the results of [Ati82] apply, yielding convexity of the cell closure. From 
this, convexity of flaigA' and consequently VLK can be inferred. The approach described in 
this treatise will also utilize the cellular decomposition of ffaigA', but instead will use the 
results of [Gol09; GS06; OSOO] to demonstrate convexity on each cell closure. 


2. Setup 


There is a great deal of overlap in the foundation material, notation, and preliminaries 
required to prove our two main results. This section is dedicated to establishing that common 
ground, while each of the subsequent sections will introduce theorem-specihc results. 


The Based Loop Group: Let iF, T, and VtK be as described in Section 1. Denote by Kc 
and Tc the complexihcation of K and T respectively; by t, t the corresponding Lie algebras; 
and by fc the complexihcation of those Lie algebras. To our choice of Tc there is an 
associated Borel subgroup, denoted by i? C K ^. 


We can endow VLK with the structure of a symplectic (in fact Kahler) manifold as fol¬ 
lows: The Killing form on t yields an Ad-invariant inner product (•, and since VtK is a 
homogeneous space [PS86] it is enough to give the Kahler form at the identity: 

1 

a;oic(X, y) = ^J^ h' e G'-(^\ !). 

There is a natural Hamiltonian x A'-action on QK, given by 

[(s, k) ■ 7 ] (6) = k'y{6 + s)'y{s)~^k~^, s e S^,k e K,'y e VtK 


wherein the action is effectively loop rotation. Using our Ad-invariant inner product, we 
identify i = i* and dehne a moment map /i : QK —)■ M © t by 


( 1 ) 




IvVIl.^ 


©1 


-1 / 

7 7 


where the norm is that induced by (•, -jj. If AT C iF is a closed subgroup of K (most notably 
when AT is a torus), we will denote by the corresponding moment map for the x H 
action; that is hh = (id x prf,) o jj, where prf, : t —)■ 1) is orthogonal projection. 

Algebraic Loops: Gritical to our study will be the algebraic based loop group DaigA", which 
arises as the dense subgroup of VtK whose maps are the restriction of algebraic maps —)■ 
Kc- This group exhibits many of the properties of a hnite dimensional reductive algebraic 
group, for our purposes the most important of which is the Bruhat decomposition. 
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Let LaigiLc = {/ : —)■ K’^ : / algebraic} and be those maps which extend holo- 

morphically to the interior of the nnit disk. Consider the evalnation map evg : ^ Kc 

given by evo( 7 ) = 7(0). The Iwahori subgroup B is the preimage of the Borel nnder evo; 
that is, B = evQ^(B). The Brnhat decomposition is 

(2) □ BA 

AgV*(T) 

where each BA is a complex cell indexed by the coweights X*(T). The closnre of each cell 
is a hnite dimensional projective variety, and has an explicit description as the nnion of all 
previous cells under the Brnhat order; namely 

(3) BA = □ B.,. 

r}<\ 

We refer to BA as Schubert varieties, in analog of the hnite dimensional case. We direct the 
reader to [Mit88] for more information on the Brnhat decomposition of 

Filtrations and Embeddings: The advantage of examining the individual cells BA is that 
each admits an embedding into a hnite dimensional Grassmannian, which we describe here. 

Choosing a faithful unitary representation realizes K as & subgroup of SU{n), and permits 
us to view ^laigK as maps described by hnite Fourier series. For any hxed m G N one can 
dehne the space 

(4) = I 7 e : j{z) = Akz’^ I , 

k k=—m ) 

which yields an x K equivariant hltration of flaigiF 

K = ffalg,0-^ ^ f^alg,l-h" ^ f2alg,2-h" ^ ^ ^algK ■ 

In general these flaig^m-^ sxe singular varieties, but come with the advantage that for any 
coweight A there is a sufficiently large m such that BA ^ ffaig,m-^ is an embedding of 
varieties [AP83; MarlO]. The Q^ig,mK will act as an intermediary for embedding BA into a 
Kahler manifold. 

For the moment, let iC be a centerfree compact group with Lie algebra L Dehne "H* = 
^c) to be those loops which are square integrable with respect to the Hermitian inner 
product {x,y)^^ induced by the Killing form on €c- The group Li^igKc acts naturally on "H* 
via the adjoint action 

(7 • f){z) = Ad^(^) f{z), 7 G LaigATc, / e 

If the complex dimension of tc is n, choose a basis so that 

{eiZ^ : i G {1,..., n} , fc G Z} 

is a basis for "Hh We polarize VA = 7^+ © "H- by taking = span;i,>Q {ej^;^} and setting 
to be its orthogonal complement in the inner product. The Grassmannian of "H* is 

— J U/ r ■ pr+-w^n+ Fredholm f 

nrl {n ) — SVV n . Hilbert-Schmidt J ' 
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This is an infinite dimensional manifold modelled on the space of Hilbert-Schmidt operators 
hfS'('H+, "H-), and has a Kahler form at is given by 

( 5 ) u:ns{X,Y) = -itT{X*Y-Y*X), X,Y e HS{n+,H^). 

Analogous to (4) we define the following subspace: 

Gro,m{n^) = {W e Grin^) : z^'H+ C IT C z-^n+} . 

As each G'ro,m(^*) is homogeneous beyond the 2 ;^"* basis component, one can quickly 
check that is isomorphic to the finite dimensional Grassmannian of complex 

nm-dimensional subspaces of via the identification W ^ W/z^H^. For the sake 

of notation, we will explicitly indicate when we are conceptualizing the finite dimensional 
Grassmannian by writing Qm '■= Grc{nm, 2nm). 

The algebraic Grassmannian GrQ{'h}) is the dense subspace of Gr['h}) formed by the union 

Gro{H^) ;=ljGro,™(?f*) 

k 

and as such has a natural M-indexed filtration given by the Qm- Additionally, we can define 
a X Kq action on GrQ{V}) as follows: Let W G Gro^H^), 

(1) FoiaeKca-W = {Ad„ f{z) :feW}, 

(2) For s e C^s•lF = {/(sx) : f eW}. 

It is easy to check that both are group actions, and in fact we recognize that the iFc-action 
is just the Laig-Ac action on "H* restricted to the constant maps. 

If ujpg is the Fubini-Study form on Qm, the following lemma ensures that the various 
symplectic structures are all mutually compatible. 

Lemma 2.1 ([Har+06, Proposition 2.3]). Let M = and he projective space 

with the Fubini-Study form. If {Gr^ifN}) , oj hs) is the algebraic Grassmannian with the Hilbert- 
Schmidt form, and p : Qm P^ is the Pliicker embedding, then the restriction of uhs to Qm 
is precisely u'pg = p*ujfs- 

As alluded to earlier, these Grassmannians will serve as hosts for our embedding. Of 
particular interest will be the collection of IF G Gro('H*) which satisfy the following three 
properties: 

(1) xIF C IF, 

(2) xIF = IF^, 

(3) If IFsm consists of the smooth maps, then IFsm is involutive under the Lie bracket on 

F 


We will denote the set of all such spaces as Gr^. Intersecting with the filtration of Gr^fH}) 
yields a filtration of Gr^ by the components Gvq ^ := Qrn O Gvq. The following theorem tells 
us that the Gaig,mA' are precisely the Gvq ^ under an appropriate diffeomorphism. 


NON-ABELIAN CONVEXITY OF BASED LOOP GROUPS 


5 


Theorem 2.2. The action of LaigKc on Vf extends to an action on Gr^ifN}) which preserves 
Gvq. The map cf : flaigK —)■ Gr^ifN}) given by ■y ^ ■y ■ defines an x K equivariant 
symplectic embedding whose image is Gr^, and moreover (l){filaig,mK) = Gr^^, preserving the 
filtration. 

Proof. This result is a combination of several other results, compactly stated as a single 
theorem for clarity. The fact that the LaigKc action extends to Gvq, preserves Gvq, and that 
0 is an embedding whose image is Gr^, is a simple adaptation of [PS 86 , Theorem 8.6.2], 

The proof that 0 is a symplectic embedding is sketched in [LiuOS, Lemma 2.4], though there 
is an error in the result in that paper. In particular, on page 2930, the correct expressions 
for the evaluation of the symplectic forms should be 

0JAp{X,Y)=tJ2ktTiX;Yk) = Q{fxjY), 

k 

where our uqk and cuhs are the (Uap and 0 of the paper. In light of this error, we give a full 
proof of the result in the appendix [Lemma A.l]. 

Equivariance follows quickly once we recognize that if a G Ac then Ada'H+ = 'H+- As 
(a • y){z) = a'y{z)a~^ one has 

0(a • 7) = Ada^a-i = Ada o Ad..y o Ada-i 'H+ 

= Ada o Ad.y PLa 

= 0-0(7). 

For s G (s • 7 )( 2 :) = 7 (sz) 7 (s)“^. The map f{z) 1 —)■ f{s~^z) is bijective on 'H+, so that 

0 (s • 7) Ad-y( 52 :) 7 (s“i) "^+ Ad^(^2) s ■ 0(7)- 

Both actions commute, so 0 is equivariant as required. Finally, the x ATc-action commutes 
with ^-multiplication, leaving z'^'Ha invariant and preserving the filtration. □ 

Remark 2.3. The triviality of the centre of K is essential only in the proof of [PS86, 
Theorem 8.6.2]. In the case when K is not centerfree, Ad(iL) = K/Z{K) is a centerfree 
group and K —)■ Ad(iL) is a finite covering. Hence flaigX is a union of connected components 
ofQalgXdiK). 


The Determinant Bundle: If fc < n and Gr{k, n) represents the Grassmannian of complex 
fc-planes in C"", then Gr{k, n) has a tautological rank k vector bundle, yk,n Gr{k, n) where 

7 m = {{W,w) : W G Gr(k,n),we IT}. 

Since this is a rank k vector bundle, we may define a line bundle det* —)■ Gr{k, n) by taking 
the /c-th exterior power over each fibre. More explicitly, if {toi,... ,Wk} is a basis for W, 
a typical fibre element over W will be of the form (IT, awi A • • • A Wk), which we write as 
(IT, [a,w]). Naturally, choosing another basis should not change the structure of the fibre. 
If {wfi ..., is another basis and G is the change of basis matrix from w to w] then 

w[ A ■ ■ ■ Aw'j^ = (det G)wi A ■ ■ ■ A Wk, 
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SO we identify the elements (hh, [a,w']) ~ (hh, [a(det (7), w]). 

We are more interested in the dual bundle det —)■ Gr{k, n). It is easy to check that det 

Gr{k,n) is the pullback of 0{1) —)■ by the Pliicker embedding p : Gr{k,n) —)■ If 

Vo(i) is the Chern connection on 0(1), then V = p*'Vo{i) is a Chern connection on det, and 
moreover the curvature satishes 

= P*Fs7om = = -2iTru'ps, 

which shows that (det, V) is a positive prequantum line bundle. When applied to our Q^n, 
we shall denote the bundle by det^ —t Gm- 

Visually, the following diagram summarizes the content of this section: 

detm-s- 0 ( 1 ) 

- / 2nm\ 

-- P( -- ) 

3. Non-abelian convexity 

Herein we examine the image of the moment map p : klK —)■ R©t for the x fP-action. It 
is well known that when the group is non-abelian, the image of the moment is not necessarily 
convex. Rather, Kirwan [Kir84] demonstrated that the correct analog lies in considering that 
portion of the moment map image which dwells within the positive Weyl chamber t^. Several 
authors have generalized the aforementioned work, though our particular interest lies with 
the “highest weight polytope” approach of Brion [Bri87], who showed that RTc-invariant 
subvarieties have convex image in t^. Guillemin and Sjamaar [GS06] extended Brion’s work 
to those varieties invariant under just the action of the Borel subgroup B, and it is this result 
that we exploit here. The following is the main result of that paper, paraphrased to omit 
the structure of the highest weight polytope whose particular structure is not necessary for 
our result. 

Theorem 3.1 ([GS06, Theorem 2.1]). Let M be a compact, complex manifold and L ^ M 
a positive Hermitian line bundle with Hermitian connection V and curvature form u. Let 
K be a compact Lie group with complexification and B C a Borel subgroup. Assume 
that K acts on L by line bundle automorphisms, which preserve the complex structure on M 
and Hermitian structure on L. If X is a B-invariant irreducible closed analytic subvariety 
of M, then A(X) = p{X) fl is a convex polytope, where p : M ^ t* is the moment map 
corresponding to uj. 

Let p : VlK —)■ 0 © R be the moment map in (1) and dehne A(X) = /i(A) fl t^. By 
applying Theorem 3.1 to the Bruhat cells B\ of GaigiL, we deduce the following theorem: 

Theorem 3.2. A{QaigK) is convex. 

Proof. Fix some A G A*(T) and consider X = BX C GaigA'. Since the Iwahori subgroup B 
is the preimage of the Borel subgroup under the evaluation map, BX is clearly R-invariant. 
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In Section 2 we showed that for sufficiently large m G N, there is an embedding B\ 

^ Qm, a^d a positive prequantum line bundle det^ —>■ Gm, whose curvature form 
is the Kahler form u'pg. 

To define a x Kc linearization on detm, we will first dehne one on detj^. Let W G Gm 
and choose a homogeneous basis {tc*} for W. Elements of det^ look like (IE, [a,tc]) where 
w = wi A ■■■ AWn and a G C. Let s G and let s act on each Wi by loop rotation, so that 
s ■ Wi = s^'Wi, for some fc* G Z. This action is diagonal in this basis, and the induced action 
of on A*°P1E is given by 

s ■ (W, [a, tci A • • • A tCn]) = (s • IE, [a, r(;i(sz) A • • • A = (s • IE, [as^, tc]), 

where k = ki + ■ ■ ■ + kn- Similarly, ii k E Kc then k ■ Wi = kwi is certainly linear. Moreover, 
since Kc is connected and semisimple, det(/c) = 1: 

k ■ (IE, [a, w]) = {k ■ W, [a, {kwi) A ■ ■ ■ A {kwn)]) = {k ■ W, [a, tc]). 

These actions commute and hence dehne a x Kc action on detj^ which commutes with 
the projection map. 

The Kc action trivially preserves the Hermitian structure on detm- The action is also 
Hermitian, since 

(s • [ai,w],s • [a 2 ,w]) = ([s^Q!i,m;], [s’'a 2 ,w]) = ([ai,w], [a 2 ,w]) = ([ai,w], [a 2 ,w]). 

By passing to the dual, one derives an action of x Kc on det^- Since the Hermitian 
structure on det^ is just the dual of that on det(^, one also concludes that the Hermitian 
structure on detm is x iLc-invariant. Furthermore, the x iLc-action acts holomor- 
phically on Gm- Since x K includes into x Kc as its compact real form, we conclude 
that the corresponding real group action is Hermitian and preserves the complex structure. 
Theorem 3.1 thus implies that A (HA) is convex. 

To extend from each Schubert variety to the whole algebraic based loop group, choose 
any two points xi,X 2 G A(r2aigiL) and take pi G flaigK such that p{pi) = Xi. There exist 
Ai, A 2 G A*(T) such that pi G HAj, and since A*(T) is directed, a A such that both HAi C BX 
and BX 2 C BX. Consequently, both pi,p 2 G BX whose image is convex, as required. □ 

Corollary 3.3. The image A{QK) is also convex. 

Proof. The algebraic based loops are dense in flK [AP83]. Since the moment map is con¬ 
tinuous, p{flgjgK) is dense in p{QK), and so A(r2aigA') = A{^IK). Since the closure of a 
convex set is convex, the result follows. □ 

4. Duistermaat-type Convexity 

We now turn our attention to the real locus of the based loop group; a discussion which 
necessitates introducing an anti-symplectic involution on QK. Assume that K is equipped 
with an involutive group automorphism a : K ^ K such that if T C iL is a maximal torus, 
then a{t) = t~^ for every t E T. Such an involution is guaranteed to exist by [Loo69]. The 
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differential deCr : t —?■ t is thus involutive as well and induces the eigenspace decomposition 
t = P © q, where p and q are the ±l-eigenspaces respectively. Extend de<J to tc in an 
anti-holomorphic fashion by setting 

(6) (T : tc ^ X + iY deCr{X) — ide<j{Y). 

We dehne an involutive group automorphism r : VLK —)• VtK by {T'y){z) = a{'y{z)) for 
7 G QK. One can easily check that r leaves flaigX invariant, and so also defines an involution 
there. It is straightforward to check that r also preserves the hltration mK. We will 
often conflate r with the corresponding Z 2 action it induces on QK. 

The r fixed points of QK are denoted QK'^, and are often referred to as the real locus of 
QK. The nomenclature is derivative of the hnite dimensional regime, where our manifold 
is a complex variety and r is complex conjugation. In [JMIO], Jeffrey and Mare showed 
that ^t{QK) = ^t{QK'^)'i an analog of Duistermaat’s convexity theorem in hnite dimen¬ 
sions [Dui83]. In the former paper, the question of whether ^xiQaigK) = ^TiQ&igK'^) was 
proposed. Our main theorem in this section will answer the more general non-abelian case 
in the affirmative, and give the result for the full class of Sobolev iJ^-loops as an immediate 
corollary. 

Once again, our strategy will be to demonstrate the result on the Schubert varieties B\. 
Guillemin and Sjamaar [GS06] generalize Duistermaat’s convexity result in hnite dimensions 
to the non-abelian regime for singular varieties. Goldberg [Gol09] in turn combined this 
result with that of [OSOO] to derive the same result for singular S-invariant varieties. 

Definition 4.1 ([GS06]). Let U be a compact group with an involutive automorphism a : 
U ^ U. A Hamiltonian (f/, dj-manifold is a quadruple fi) such that {M,u) is a 

smooth symplectic manifold, endowed with a Hamiltonian U-action for which p. : M ^ u* 
is the moment map. In addition, r is an anti-symplectic involution, compatible with the 
U-action as follows: 

(1) /i(r(m)) = -{ded)*{p{m)), 

(2) t{u ■ m) = d{u)T{m). 

A {U, dj-pair {X, Y) C M x M'^ is a pair such that 

(1) X is a U- and r-stable irreducible closed complex subvariety of M, 

(2) Xreg n M’" 7 ^ 0, where Xreg are the regular points of X, 

(3) Y is the closure of a connected component of X^eg O M"’". 

Theorem 4.2 ([Gol09, Theorem 1.7]). Let (M,a;,r,p) be a compact, connected, {U,a)- 
manifold, equipped with a complex structure compatible with oj, relative to which r is anti- 
holomorphic. Assume that the Borel subgroup B C Kc is preserved by the anti-holomorphic 
extension of a, and take u = p (B q to be the ±l-eigenspace decomposition of u with respect 
to ded. Let L ^ M be a holomorphic line bundle with connection V such that the curvature 
form Ty = —‘I'nibj, and assume r lifts to an involutive, anti-holomorphic bundle map tl 
which preserves V. If {X,Y) is a {U,d)-pair such that X is B-invariant, r-invariant, and 
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X'^ is non-empty, then 

(7) A(F)=A(X)nm* 

where m* C q* zs a maximal abelian subspace of q*. 

The Schubert varieties BX will play the role of X, while the Grassmannian Qm will play 
that of M. To begin, we convince ourselves that BX is a candidate for X, by showing that it 
is preserved by r and that the embedding BX ^ Qm is Z 2 -equivariant. The following lemma 
is partially sketched in [Mit88, Theorem 5.9], and was communicated to us by Mare. 

Proposition 4.3. Each Schubert variety BX is invariant under t. 

Proof. We hrst claim that the Borel subgroup B is invariant under the complexihcation of 
a. Write tc in its root decomposition as 

6c = tc © ia 

where tc is the complexihcation of t and 6^ are the corresponding root spaces. Let d : 6c —t 6c 
be the anti-holomorphic map dehned in (6). It is sufficient to show that b is invariant under 
a. Our choice of Borel corresponds to 

b = tc © 

and the dehnition of a ensures that tc is invariant under a, so we need only show that each 
6^ is invariant under a. For this, let A G 6^ so that [H,X] = a{H)X for all H E i^. Note 
that it is in fact sufficient to just take H E i, and that a|t G iM. Since d is a Lie algebra 
automorphism, this yields 

a[H,X] = [a{H),a{X)] = -[H,a{X)] 

= a{a{H)X) = f^a{X) = -a{H)a{X) 

so that [77, d(X)] = a{H)a{X) showing that 6^ is invariant under d. 

Invariance of B under r follows a similar procedure, wherein we demonstrate that Lie(i3) 
is invariant under dr. We have that 

{ m 

'y{z) = Akz’^ : Ao G b, m G N 

k=0 

so that if 7 G Lie(i3) then 

( m \ oo oo 

'Y^Akz'^ j = 'Y^a{AkZ^) = y^d(Afc)2:^. 

fc =0 / fc =0 fc =0 

Clearly d(Ao) G b by our previous argument, showing that B is invariant under r. It is easy 
to check that each group morphism A : —)■ T is hxed by r, and hence BX is r invariant. 
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Finally, the closure relation on the Schubert varieties is given by 

®A = □ B.,, 

r}<X 

and as each Brj is invariant under r, so too is BX. □ 

In light of the previous proposition, it makes sense to write BX^ and to consider its image 
under the moment map. We next extend r to Grf){'H^) in order to utilize the Grassmannian 
model of the algebraic based loops. Dehne r : "H® —"H* by {ff){z) = (t(/(z)), which extends 
to a map 

r : Grom ^ Groin^), fW = {a(f(z)) : f E W} . 

The map f is well dehned on Gro{'h}) since a acts by Lie algebra automorphism, and is 
involutive since a is the derivative of an involutive map. 

Proposition 4.4. The action ofr on Gro{'h}) preserves Gr^ and its corresponding filtration. 
Moreover, if : flaigK —)■ GrofiHfi) is the symplectic embedding given in Theorem 2.2, then 
(f is Z 2 -eguivariant. 

Proof. We begin by showing that Gr^ is preserved. Multiplication by z commutes with f, 
since for any W E GroifH}) we have 

f{zW) = {a{zf{z)) : f eW} = {za{f(z)) -. f eW} = z- rW, 

keeping in mind the anti-holomorphic nature of a. Consequently, r leaves z'^'H+ invariant, 
preserving the hltration. Furthermore, f is an isometry of the Killing form on fic and so 
commutes with the map W W . Now ii W E Gr^ then zW C W implies that 

z{fW) = f{zW) C fW, 

while zW = implies that 

z{fW) = f{zW) = t{W^) = {Tw)^. 

The involutivity of Wsm follows immediately from the fact that d is a Lie algebra automor¬ 
phism, so Glq is preserved by r. 

All that remains to be shown is the compatibility of r with f through the embedding fi. 
Certainly tPLj,- = and for any k E K one has a o Ad^ = Ado-(fc) od, so that 

f0(7) = {d(Ad^(5) f{z)) : / G PL+] 

= {Ad^(^7)) d{f{z)) ■. f eH+] 

= {Mrzf-.fEn+} 

= 

□ 


Fix a Schubert variety BX and choose m sufficiently large so that BX embeds into Qm- 
Dehne a : x K ^ x K hj a{s,k) = {s~^,a{k)). Whenever (s,t) E x T one has 

d(s,t) = This implies that M©tis contained in the (—l)-eigenspace of ded, M©q, 
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and hence m = M0t. In the context of this particnlar choice of a, Eqnation (7) simply reads 
A(y) = A(X). 

Lemma 4.5. {Q^^oj'pg^T, is a compact, connected, x K, a)-manifold. 


Proof. The majority of the desired properties are immediately trne: x it' is a compact 

gronp with involntion d, {Qmi^Fs) is a symplectic manifold with moment map /i and anti- 
symplectic involntion r. Thus all that needs to be checked are the compatibility conditions. 
We begin by showing condition (2); namely, if (s, k) E xK then r((s, k)-W) = crik))- 
t{W). 


We will check each action separately. Let W G Gr^ifR}), s E , and k E K, so that 


t{s -W) = {a [f{sz)] : / e W} = jd ^f{s-^z)^ ■ f 

= : / e IT} 

= •r(lT). 

r{k • W) = {d [Ad, fiz)] ■.fEW} = {Ad<,(,) a[fiz)] : f E W} 

= ■ {a[f{z)] : f EW} 

= a{k) ■ r(lT). 

On the other hand, since x iL is connected, [OSOO, Lemma 2.2] implies that condition (1) 
is true up to an appropriate shifting of /i. □ 


We are well acquainted with the fact that Qm is in fact Kahler, so it certainly has a complex 
structure which is compatible with u'pg. To see that r is anti-holomorphic with respect to 
this structure, we introduce the following result: 

Lemma 4.6. If (M, uj, J, g) is a Kahler manifold and t : M ^ M is an involutive isometry, 
then T is antiholomorphic if and only if r is antisymplectic. 


Proof. Assume hrst that r is anti-holomorphic. In particular, dr o J = —Jo dr. To see that 
u is anti-symplectic, we have 

(r*a;)(X,T) = uj{dTX,dTY) = g{JdTX,dTY) 

= -g{dTJX,dTY) 

= -g{JX,Y) 

= -u{X,Y). 


Conversely, assume that r is anti-symplectic. Note that since r is involutive it is necessarily 
bijective, so that dr is an isomorphism. Proceeding in a similar fashion as that above, we 
have 

{T*g){X, Y) = gidrX, drY) = uj{dTX, JdrY) 

Since r is an isometry, T*g = g, so we also have 

{T*g){X, Y) = g{X, Y) = uj{X, JY) = -ooidrX, drJY) 
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where in the last equality we have used the fact that r is anti-symplectic. By multilinearity, 
we thus have 

0 = uj{dTX, JdrY + drJY). 

Since X was arbitrary and dr is surjective, non-degeneracy of u immediately implies that 
{J o dr + dr o J)Y = 0, and since Y was arbitrary, r is anti-holomorphic. 

Note that we did not need involutivity to show that anti-holomorphic implied anti-symplectic. 
Similarly, we only needed that r was surjective in order to show the converse direction. □ 

Lemma 4.7. The involution r : Gm lifts to an involutive anti-holomorphic bundle 

map Tdetm ■ detm —^ det^- Moreover, this map preserves the connection; that is, = V. 

Proof. Dehne T^etm ■ detm —)■ det^ as follows: Fix W G Qm and a basis {wi, ..., Wnm} of W, 
so that the hbre over W is given by (IF, [a,w]). Fibrewise, we dehne 

Tdet„, : (detm)w -)■ (detm)rW, (W, [Q:,tc]) H- {rW, [a,r(tc)]). 

Certainly if tc is a basis then t{w) is a basis, convincing us that rwi A • • • A rwk is indeed 
non-zero line element. 

To see that the map is well dehned, let w and w' be two different bases and C be the 
change of variable matrix sending w to w'; that is, w[ = CijWj. Since r is anti-holomorphic 

Tw[ = r [CijWj] = CijTWj 

implying that the change of basis between rw and rw' is given by We identify [a,w'] 
and [a ■ det C, tc], so 

r [aw'i A • • • A w'G\ = a(rtcj) A • • • A {rw'ft) = adetC(rtCi A • • • A TWk). 

On the other hand, we have 

r [awi A • • • A Wk] = a;detC(™i) A • • • A (rWk), 

and these are quite naturally equal since det C = det C. 

The map Tdet^ is clearly involutive, and it is anti-holomorphic since in any trivializing 
neighbourhood f/, r:[/xC—)-f/xCis separately anti-holomorphic on U and conjugate- 
linear on C. By Hartogs’ theorem, r is thus anti-holomorphic. 

All that remains to be shown is that r preserves the connection. Since r is an involution, 
it preserves the real part of the hermitian metric h. Since it is additionally anti-holomorphic, 
by Lemma 4.4 of [OSOO] we have that r preserves the connection. □ 

Proposition 4.8. //A G X*(T)+ is a dominant coweight, then 

X(BX) = A(i3A"). 

Proof. Choose m sufficiently large so that B\ embeds into Gm- We have already seen that 
B\ is a closed irreducible subvariety of Gm invariant under B. Lemmas 4.5 through 4.7 show 
that Gm satisfies the hypotheses of Theorem 4.2, and Lemma 4.3 shows that B\ is r-stable. 
Furthermore, A G B\ is a smooth point of X which is also in Gfii showing that ^ 0. 
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Applying Theorem 4.2, if y is the closure of any connected component of Xsm H M’" we 
will have A(X) = A{BX) = A(y). Our challenge is thus to exploit this fact to yield A{BX ) 
on the right-hand-side. 

Since A is dominant, the smooth locus of BX is precisely BX [MOV05], giving Areg O 
M'^ = BX'^. This set is closed and consists of only finitely many connected components, say 
BX'^ = Ck where each Ck is also closed in Q^n- By Theorem 4.2 we have A{BX) = A(Ofc) 
and hence 

A{BX^) = A iUkCk) = UfcA(C'fc) = UfcA (SA) = A (BA) . 

□ 


Theorem 4.9. AiVLaigK) = AiVLaigK'^)- 

Proof. We can write flaigK as a disjoint union of the cells BX as in ( 2 ), so that 

= U BXP 

Aev*(r) 

Let c G fiAi^aigK) and choose any 7 G AlaigA' such that /ia( 7) = c. There exists a unique 
BX' such that 7 G BX', and since the collection of dominant coweights is cohnal in the Bruhat 
order, there exists a A such that 7 G BX' C BX. By Proposition 4.8, 

c = A( 7 ) g A(BX) = A{BX^) C A(fiaigi^"), 

showing that A(r2aigA') C A(r2aigA'’'). The other inclusion is trivial, and the result then 
follows. □ 

One can apply Theorem 4.9 to immediately deduce several useful corollaries, the first of 
which is that we can weaken the regularity conditions on loops: 

Corollary 4.10. Let A C K he any torus, and fiA = (id x pr^) o p : LlK —)■ M © a be the 
corresponding moment map for the x A action, where pr^ : { ^ a is the projection map. 
Then 

algK^ PAi^algK ). 


Proof. Consider the case where A = T is a maximal torus of K. It is known that the image 
of fiT may be derived from that of A by examining the union of the convex hulls of the Weyl 
orbits of elements in the image of A [GS05, Theorem 1.2.2]. Applying this to Theorem 4.9 
the result follows for iat- If A is any other torus, it is contained in a maximal torus T, and 
as projections of convex set are still convex, the result follows in general. □ 

Corollary 4.11. If A K is any torus, then 

fiAi^K) = fiAi^K^). 

This result was stated and proved in [JMIO], wherein the authors showed that 
is convexity using a convexity theorem of Terng [Ter93]. Additionally, the fixed points of 
the xT action on VtK are the group morphisms Hom(S'^,T), and it is straightforward to 
see that these are also fixed under the r action, yielding the desired result. However, once 
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one has the result for the algebraic based loops, the full class of Sobolev loops quickly 
follows: 


Proof. The inclusion ^ Pa{^K) is trivial. On the other hand, by [AP83] we know 

that A{QK) = A(r2aigA'), so by Corollary 4.10 


□ 


We hypothesize that the corresponding non-abelian analog of Corollary 4.10 is also true; 
that is, A{flK) = A{flK'^). This would follow immediately if it could be shown that 
A(r2aigA') is closed, for then the proof of Corollary 3.3 would imply that A(QK) = A(r2aigA"), 
and one would only need to replace every instance of fiA with A in the proof of Corollary 
4.10. Without knowing that A(r2aigA') is closed, one can trace through the suggested proof 
to quickly arrive at the following: 

Corollary 4.12. A{D.K) = A{D.K'^). 


Appendix A. 


Lemma A.l. Under the embedding 0 : flaigK ^ GroiPL), we have (f>*0JHs = that is, 

the symplectic structure on flaigK is compatible with the Hilbert-Schmidt symplectic structure 
under this embedding. 


Proof. We shall proceed by first examining the result in SU{n), then argue the general case 
afterwards. Let X,Y E Tefli,igSU{n), written as a Fourier series 

X{9) = Y{e) = 

k I 


Applying the symplectic form, we get 





k,£ 





= i^kipAlBk). 

k 


On the other hand, the coordinate chart about W G GrolfH) is dehned as 

Uw = {V ®TV : T : W ^ Hilbert-Schmidt } 

which allows us to uniquely identify V with the map T. If W = PL+ then Ugi+ equivalently 
consists of those spaces V such that ttv '■ V ^ PL+ is an isomorphism, in which case T can 
be explicitly defined as 

T = pr_ \w o : PL+ —)■ W —)■ PL-. 
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In coordinates around the identity, 0(7) = pr_ and so d(j)e{X{z)) = pr_ oLx{z)i where 

Lx{z) is left-multiplication by X{z). 

Let fx = d(f)e{X) = pr_ oLx and /y = d(l)e(X) = pr_ o-Ly, so that 

(^Hsifx, fr) = -i tr {fxfv - fyfx) 

= {^i^^^ifxfy - fYfx)eiZ ^)^2 

j>0 

=-i [{fx(^iz\fYeiZ^)-{fYeiz\fxeiZ^)^2]- 

j>0 

Examining just half of this equation for now, we see that 

n n 

ji>0 2=1 j>0 2=1 r,s<—j 

n 

= {^rQ, Brei)^^ 

j>0 i=l r<—j 

= EE triArB;) = E ktT{AkBl 

j>0r<—j k<0 

On the other hand, we know that A_k = Ak and hence 

'^ktr{AkBl) = -^kti{AkBk) = - ^kii{AlBk) 


1,2 


fc <0 


A:>0 


A:>0 


where in the last inequality we have used transpose- and cyclic-invariance of the trace. By 
symmetry, we thus have 

(^Hsifx, fy) =i^ [k ti{AlBk) - k ti{A*_f,B_k)\ = i^k ti{AlBk) 

k>Q k 

which is the same result we got from uj{X, E), as required. 

For a general compact group, assume once again that the group is centerfree. Since (•, •)j^ 
is the inner product induced by the Killing form on t (itself related to the Killing form on fic 
by conjugating the second argument), we have the (•, is Ad-invariant. The action of ffaigA' 
on Gr^iV}) thus realizes klgXgK as a submanifold of Qg^igSU{ic), and since K is centerfree this 
is actually an embedding. Choosing an appropriate basis for fic; we identify SU{tc) with 
SU{n) and B} with C”. The result then follows from commutativity of the embeddings: 

0^igSU{nY - ^Gr-oin^^) 




Gro{B^ 


Once again, we are not concerned with the centerfree requirement, since when K is not 



16 


TYLER HOLDEN 


centerfree we have that flaigK is a disjoint union of the connected components of r2Ad(i^). 

□ 
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